In this paper we propose a multi-objective decision framework for lifecycle investment choice. Instead of optimizing individual strategies with respect to a single-valued objective, we suggest evaluation of classes of strategies in terms of the quality of the tradeoffs that they provide. The proposed framework takes inspiration from psychological theories which, on the one hand, assert that humans analyze risky choice situations in terms of several competing factors, and, on the other hand, recognize that attribute overload is detrimental to decision making. In particular, we use SP/A (security-potential/aspiration) theory as developed by Lopes and co-authors. The proposed approach is illustrated in a simple lifecycle model. As decision factors, we consider (a) the contribution paid, (b) the ambition level (targeted level of retirement income), and (c) the guarantee level (a level of retirement income that will be achieved with high probability). In terms of the tradeoffs generated between these indices, we compare a class of traditional lifecycle strategies, defined in terms of a glide path, with a class of so called collar strategies.
Introduction
It has been documented extensively that many people have difficulties in making good choices for retirement planning; see for instance Benartzi and Thaler (2007) ; Lusardi and Mitchell (2011); Mitchell and Utkus (2004) ). Behavioral biases play a role even among trustees of pension funds (Clark et al., 2006) . Considerable attention has been paid in the literature to ways in which such biases may be mitigated in the face of financial illiteracy and irrationality (cf. for instance Thaler and Benartzi (2004) ; Bodie and Prast (2012) ). In this paper, we address a related but different question, namely how decisions on investing for retirement may be made by a person who is well informed and who is willing to spend time to arrive at a good decision. In other words, our aim in this paper is not so much to provide support for the weak, but rather to provide support for the strong. We have individuals in mind whose level of financial informedness and sophistication would be comparable to, say, that of a qualified trustee, but who would not necessarily be able to describe their preferences in terms of fully specified utility functions and probabilities across future events.
When the model of rationality is accepted that has been proposed by Savage (1954) , it is in principle clear how to take a rational decision under uncertainty: form a (subjective) probability assessment, specify a utility function over outcomes, and then maximize expected utility. In the context of lifecycle investment decisions, this format has been followed in a broad stream of academic literature starting from the seminal work of Merton (1969 Merton ( , 1971 . In the actual practice of decision making by pension fund boards or by committed individuals, the model has however not obtained great popularity. One reason for this may be that pension fund boards as well as individuals typically do not find it easy to specify a utility function. A more fundamental reason could be that individuals, even when well informed, do not always take their decisions in line with Savage's model of rationality, for instance due to the presence of ambiguity (Ellsberg, 1961) .
Selection of an optimal probability distribution of retirement income is further complicated by the fact that the object of interest has many degrees of freedom, and may therefore present a case of choice overload. The demotivating effect of presenting too many options in pension plan decisions is well known (Iyengar et al., 2004) , but one may argue that this effect should be overcome by a dedicated individual or by a board of trustees. Evidence from the psychological literature suggests however that the presence of many attributes can lead to choice situations that surpass the cognitive abilities of humans (Fasolo et al., 2007) . Forms of decision support would therefore be called for.
General methodologies for decision aid are discussed for instance in Ishizaka and Nemery (2013) ; here we focus in particular in decision making for lifecycle investment.
An example of a support system for decision making by pension fund boards is given by Dert and Leegwater (2011) , who describe a procedure that is followed at ABN AMRO Pension Fund (AAPF).
The selection process starts with a broad range of about forty strategies. An ALM study is performed to determine attributes of these strategies such as the expected funding ratio after one year and after fifteen years, the required level of contributions, the probability of underfunding over the next fifteen years, the potential for indexation of benefits, and so on. On the basis of this study, the investment advisory committee selects about ten strategies to be presented to the board of trustees. The board is informed about the attributes of the strategies as determined in the ALM study, but not about the way in which these strategies would be implemented (for instance, which asset mix would be used).
After the choice has been made, the implementation is revealed to the board, which then in principle can still change its mind (but typically doesn't).
The number of attributes that is presented to the board of trustees of AAPF is quite large; the information sheet shown as an example by Dert and Leegwater (2011) lists a total of nine attributes.
For decision making by an individual, this number seems rather high. On the basis of the behavioral finance literature, we discuss in this paper how the dimensionality of the attribute space can be reduced to the extent that the final tradeoffs can be represented graphically in two-dimensional space.
Inevitably, reduction of the attribute space makes preselection of strategies more important. We show the effects of preselection below in a simple test case by employing different classes of candidate strategies.
This paper contributes to the literature in two directions. The academic literature on the design of lifecycle strategies, in what might be called the Merton tradition, has placed emphasis on the optimization of a single objective, which, for tractability as well as for consistency, is often of the expected-utility form. We propose an alternative evaluation method, which articulates the quality of parametrized classes of strategies by means of the tradeoffs they generate between key attributes.
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The traditional optimization methods are still valuable in this context, because they can be used as ways of producing classes of candidate strategies. Secondly, we extend the behavioral literature in the pensions field, in what might be called the Thaler tradition, by devising decision support for committed and well informed individuals. The behavioral literature is geared towards finding ways of supplying implicit support ("nudges", in the terms of Thaler and Sunstein (2008) ) to individuals of low or moderate financial literacy. However, anecdotal evidence suggests that even financially very literate persons have difficulties in arriving at lifecycle investment decisions, and in particular do not find it easy to specify their preferences in terms of utility functions. We turn to the behavioral literature to extract elements that can be used effectively within a decision process that is intended to be fully rational.
The organization of the remainder of the paper is as follows. In the following Section 2 we takes cues from the behavioral literature in order to select key attributes around which a decision process on lifecycle investment can be organized. In the rest of the paper we develop the structure of a decision process and illustrate it in a small case study. Section 3 describes the setting of the case study. To show the effect of preselection, we use two classes of strategies which are presented in Section 4.
Results of the case study follow in Section 5. Finally, Section 6 contains the conclusions.
Reduction of attribute dimensionality
The result of a lifecycle investment strategy may be described in terms of the probability distribution of the accumulated capital at retirement age. This is in fact a simplified description; additional elements may include for instance the psychological effects (either hopeful or fearful anticipation) that can be generated by strategies during the phase towards retirement, and nonprobabilistic forms of uncertainty (ambiguity) associated with projections over long time periods. Even in the relatively simple description form of a probability distribution, the outcome of the strategy decision is already an object that cannot be captured completely in terms of finitely many parameters. The question then arises how the dimension of the attribute space can be reduced in order to make an effective decision process possible.
A classical answer is to select a utility function. Indeed, once a utility function is chosen, then (in a complete market) the optimal probability distribution is obtained by applying the inverse marginal utility function to the pricing kernel times a multiplication factor that is determined by the budget constraint (Karatzas and Shreve, 1998) . Viewed from a choice perspective, the method of expected utility optimizing replaces the problem of selecting an object with an infinite-dimensional attribute space (the probability distribution of available capital at retirement age) by the problem of selecting another object, which however is infinite-dimensional as well (the utility function). It may be argued that there is still progress here, since a utility function, once chosen, can be used not only for decisions on lifecycle investment, but also for other decisions. However, in view of the rather limited use of this methodology in practice, however, the argument does not appear strong. The question remains whether it is easier to choose a utility function to express one's preferences, or to choose a probability distribution directly.
Alternative preference specifications may be taken from the extensive literature on behavioral finance which has developed since the seminal paper of Kahneman and Tversky (1979) . The orientation of this literature is primarily descriptive, so that care should be applied in using it for purposes of informed choice. In many experimental studies, subjects are confronted with stakes that are relatively small in comparison to lifecycle investment; they are likely to interpret the experimental environment as representative of choice situations that may reoccur more or less frequently, in contrast to saving for retirement. Nevertheless, the descriptive research indicates crucial elements in human decision making, leading to important pointers for normative theory.
A central element in the work of Kahneman and Tversky (1979) is the notion of a benchmark, by which outcomes can be classified as either "gains" or "losses". A similar notion is present in the SP/A (security-potential/aspiration) theory of Lopes (1987) in the form of the aspiration level.
Lopes describes the aspiration level as a situational variable (relating to the environment), but she also states that its choice may be influenced by the dispositional factor (relating to the individual) of security versus potential, which describes the extent to which a person is inclined to emphasize more the downside (security) or the upside (potential). The aspiration level is operationalized by Lopes and Oden (1999) as a probabilistic constraint, meaning that subjects choose their strategies in such a way that the probability of achieving the aspiration level is at least a given percentage (the confidence level ). An analogous notion is formulated in the "utility mass" model of Manski (1988) .
The importance of the probabilities of ending up above or below a certain benchmark in human decision making has been confirmed in experimental studies (Fennema and Wakker, 1997; Payne, 2005) . The attitude of businessmen in pondering possible projects was described by Shackle (1949) as one that takes into account, on the one hand, the best outcome that can reasonably be hoped for, and on the other hand, the worst outcome that is sufficiently likely so that it has to be taken into account. This description, although dating from the first half of the twentieth century, would still seem to be useful today.
The term "aspiration level" suggests a goal-type reference point, incorporating a certain amount of ambition. The use of a benchmark at a low level, interpreted as representing a minimum standard, is also quite familiar in finance, the "safety first" model of Roy (1952) being an early example. In a study of managerial incentives, March and Shapira (1987) find that managers appear to work with two focal values rather than a single one; these values typically correspond to a target level for performance and a survival level. An analogous theory has been proposed in behavioral ecology by Hurly (2003) to explain the foraging behavior of hummingbirds under risk. The two benchmark levels in this case correspond to survival and to reproductive ability. A tri-reference-point theory of decision making under risk was proposed by Wang and Johnson (2012) . The reference points correspond to minimum requirements, status quo, and goal. Empirical evidence for multiple reference points in human decision making is shown by Koop and Johnson (2012) .
The SP/A theory was criticized by He and Zhou (2016) for combining elements representing "security" and "potential" in a simple way, by taking a convex combination. The approach advocated in He and Zhou (2016) instead rests on a more involved aggregation of these elements, expressed by means of an inverse-S-shaped distortion of probabilities. This approach is similar to the classical approach via expected utility in that it arrives at a single objective, which can then be used in an optimization procedure. Individuals may in principle express their dispositional characteristics by selecting a suitable distortion function, or presumably (since, again, the distortion function is an infinite-dimensional object) by choosing particular values of parameters within one of the available parametrized classes of distortion functions. One may in fact attempt to elicit such parameter values by experiments. This methodology is fraught with hazard, however, given the disputable reliability of the decision model across the wide range stretching from laboratory experiments to real-life decisions on investing for retirement. An advantage of multiple objectives is that one can avoid specifying an explicit model for the way in which these objectives are aggregated by the decision maker. Stated differently, this means that the decision maker is allowed to control multiple objectives directly, rather than indirectly by the choice of certain parameter values in a decision model.
In this paper, we take the presence of multiple reference points as a guideline for the design of a decision process. Within the context of lifecycle planning, it would seem reasonable not to distinguish between "status quo" and "goal", since the purpose of retirement planning is often stated as maintaining the standard of living. We shall therefore work below with two focal points, interpreted respectively as an aspiration level and a subsistence level. In the style of Lopes and Oden (1999) , the probability of achieving the aspiration level will be specified as an input.
Setting for case study
Since the focus of the present paper is on the design of a decision framework rather than on economic modeling, and because we want to limit the size of computations that express relevant attributes in terms of chosen strategy classes, we will work with a simple model. Obviously, in actual applications, the model should be replaced by one that is more realistic.
Situational variables: economic environment
The purpose of this section is to construct an environment in which the idea of a multi-objective decision framework for lifecycle investment can be illustrated. For reasons mentioned above, we use a simple model, namely the standard Black-Scholes model. The only risk factor is stock market risk, traded through a stock index S t driven by Brownian motion. The riskless bond B t is subject to exponential growth at constant rate r. The asset price processes are defined by
where µ and σ are the constant drift and volatility parameters, and W t is a standard Brownian motion.
We assume that the prices of all assets are expressed in terms of an inflation-indexed numéraire, so that effectively the rate of inflation as described in the economy above is zero. In the numerical examples in later sections, the following parameter values are assumed: real riskless interest rate r = 2%, expected real stock market return µ = 5%, and stock market volatility σ = 18%. This model ignores many issues including the presence of multiple asset classes, variability of interest rates, and market frictions; it is meant for illustrative purposes only.
We consider an individual who starts her active career at age 25 and retires at 65. During the active period the individual works and earns a flat real labor income Y . In other words, labor income is taken to be riskless, and wage inflation is equal to price inflation. A fixed part of the labor income is saved for consumption after retirement, and this is the only source of retirement income. At age 65, the available capital is converted to a fixed (that is, inflation-indexed) annuity, at a conversion rate that is given by the simplified formula
where T D denotes the expected time of death. In calculations below, we take T D − T = 20. Again, these assumptions imply strong simplifications.
In the context of the economy above, a lifecycle strategy consists of a choice of the contribution rate and a choice of an investment strategy for retirement savings during the accumulation phase.
While the setting that is constructed in this way is rather simple, it does represent some of the major choices that need to be made in retirement planning.
Dispositional variables: key attributes
The key attributes that we propose relate to two levels of retirement income, which we refer to as desired income (target income) and minimum required income (subsistence income). These are attributes that are obtained as results of any given strategy. The minimum required income that we associate with a given strategy is the income that is achieved by this strategy with a given (high) probability 1 − p 1 . Likewise, the desired income associated with a strategy is defined as the income that is achieved by the strategy with a second (lower) probability p 2 . More precisely, the definition that we use is the following.
A given lifecycle strategy, consisting of a contribution rate and an investment strategy, produces a (usually random) portfolio value at the time of retirement T . This portfolio value will be denoted by A T . The minimum required income κ 1 that is associated with the strategy is defined, analogously
to Value-at-Risk, as the p 1 -quantile of the distribution of retirement income:
Likewise, the desired income κ 2 associated with the given strategy is defined as the p 2 -quantile of the distribution of retirement income that is generated by the strategy:
Under the assumption that the distribution of portfolio value A T is continuous, the two income levels can also be obtained as the solutions of the implicit equations
The contribution rate is obviously an important attribute as well. Tradeoff diagrams to be constructed below will include the impact of the contribution rate.
Strategies
In this section, we define two classes of strategies, which will subsequently be compared in terms of the tradeoffs that they generate. For the same reasons as mentioned at the beginning of the previous section, the strategies that will be considered here are deliberately kept simple. More sophisticated strategies would be called for in actual applications.
Glide path strategies
As a first class of strategies to be considered, we take a collection of glide path strategies. Such strategies are often used in savings products offered by insurers. These strategies rebalance the equity allocation as a deterministic function of age only. Specifically, we consider strategies that initially allocate 100% of assets to stocks and that shift to the riskless portfolio at retirement. The speed at which different strategies reduce the equity exposure varies over the lifecycle. Figure 1 displays the age-related stock exposure α t corresponding to the strategies that we consider.
Insurance companies that offer glide path strategies often do not present a wide range of such strategies to their customers, but typically limit the choice to three options (for instance called "aggressive", "defensive", and "neutral"). We highlight three strategies in Fig. 1 and refer to them as risk averse, linear, and risk seeking. These schemes respectively reduce the equity exposure early in life, linearly, or only later in life. The performance of these schemes will be discussed more extensively below.
Collar strategies

Construction
In addition to the glide path strategies discussed above, we consider in this paper a class of collar strategies. These are strategies that replicate a payoff as shown in Fig. 2 . There are four parameters, namely a low strike price K 1 , a high strike price K 2 , a guaranteed payoff level (floor) θ 1 , and a maximal payoff level (cap) θ 2 . The payoff can be constructed by a combination of a long and a short position in call options with different strikes, as shown in Fig. 2 as well. The payoff can also be considered as resulting from a long position in risky assets together with a protective put and a written call which helps reduce the amount needed to set up the replicating portfolio. An expression for the payoff is
Alternatively, the payoff can be written as
where a = θ2−θ1 K2−K1 represents the slope of the linearly increasing part of the option payoff, and F (S T , K) = max{S T − K, 0} denotes the payoff function of a call option.
Figure 2: Option composition of the collar strategy.
The strike prices K 1 and K 2 relate to the likelihood of realizing the cap and the floor, respectively.
In order to reduce the dimension of the parameter space for the class of collar strategies, we fix the strike prices K 1 and K 2 for given levels of the floor and the cap by prescribing the probabilities by which these levels should be achieved. These probabilities will be denoted by p 1 and p 2 , respectively; numerical values that will be used below are p 1 = 2.5% and p 2 = 70%. The lower and upper strike are then solved from
where Φ(·) denotes the standard normal cumulative distribution function. Note that the parameter µ is used here, rather than r, since we assume that the investor is interested in the real-world probabilities of reaching the cap and the floor, rather than the probabilities under the risk-neutral measure.
Implementation
In a complete market, such as the Black-Scholes market, a contingent claim can be replicated by suitable trading in the underlying asset. The initial wealth required to finance the replicating portfolio is equal to the unique price of the claim. The replication strategy itself is uniquely defined as well;
at each point in time, the amount of risky assets to be held in the portfolio is determined by the delta, which is the first derivative of the current option value with respect to the current value of the underlying asset. Any portfolio value remaining after the required investment in stocks is invested in the riskless bond. If the replicating portfolio is rebalanced such that the number of stocks in the portfolio is equal to the delta at any instant, then the payoff is achieved perfectly at retirement. Since the collar payoff can be written as a linear combination of call option payoffs, both the price and the replicating strategy can be worked out analytically.
The investment strategy is defined by the aggregate of strategies that replicate the floor, the long call and the short call. Whereas the minimum income constraint is maintained by bond investments only, the call options are replicated by dynamic portfolios of both bonds and stocks. If the present value of the payoff approximates the discounted value of the floor, stock exposure tends to zero because all assets have to be invested in the bond to maintain the minimum income constraint. If, on the other hand, the present value of the payoff approximates the discounted value of the cap, stock market risk is reduced as it is no longer needed to achieve the desired income. The sensitivity of the investment strategy to the stock price is never exactly zero in the model that we use, but it is clearly the largest in situations when the option value lies between the discounted values of the cap and the floor (cf. Fig. 3 ).
To illustrate the asset allocation, we assume that the minimum required replacement rate κ 1 and the desired replacement rate κ 2 are equal to 50% and 80% of wage, respectively. 2 The retirement age is fixed at 65, and the quantiles corresponding to desired income and minimum income are 70% and 2.5%, respectively. The contribution rate (as computed by the formula in (9) below) equals 17.5%. Figure 3 illustrates the fraction of accumulated savings invested in stocks as a function of time and annualized real return. In the first years of saving and investing, the strategy is short in the riskless bond.
3 The position is short in the bond because the discounted value of future contributions exceeds the amount of bond investments required to replicate the payoff. In other words, the stock of human capital is large enough to construct the bond positions required for replicating the floor and the call options by using anticipated future contributions only. As a result, there is a leveraged position in stocks to improve the likelihood of achieving the desired income. Savings will be allocated to bonds only once human capital (i.e., the discounted value of future contributions) becomes insufficient. Also in Bodie et al. (1992) , young individuals borrow at the risk-free rate to finance investments in the risky asset. However, by maximizing expected power utility, an individual typically wants to borrow a larger amount to acquire the optimal asset allocation. In the presence of riskless labor income, Bodie et al. (1992) show that a young individual may want to borrow as much as five times her annual wage to invest in stocks.
4 In order to construct the collar payoff, an individual at the start of her career would have to borrow 75% of her annual wage. In more intricate models, in which possible dependence between labor income and stock index returns is taken into account (for instance Benzoni et al. (2007) ), the leverage may be lower.
In practice, borrowing against the riskless asset may be hard to realize because young participants face borrowing constraints. If the individual takes part in a collective fund, then the desired exposure may be realized more easily. The fund can implement an aggregate investment policy based on desired exposures of all participants, young and old. The averaging would lead to a limited level of exposure, and moreover would dampen the volatility in the investment mix that may arise in a collar strategy when carried out by an individual (see Fig. 3 ). By age-dependent allocation of the investment returns, the fund can realize different risk profiles for different groups of participants.
Calculation of key attributes
The contribution rate is determined by the market price of the portfolio required to replicate the payoff. As a complete Black-Scholes market is assumed, risk-neutral pricing techniques can be used to determine the unique price of the contingent claim.
Let Q be the unique equivalent martingale measure corresponding to the bond as numéraire.
According to the fundamental theorem of asset pricing, the process defined by B −1 t V t is a martingale under the equivalent measure Q and therefore the value of the option at time t ≤ T satisfies
Solving for the option value at time t yields a function depending on time t and the value on the underlying stock market index S t at time t. The option value at time t is given by
where Φ(·) is the standard normal cumulative distribution function,
and a = θ2−θ1 K2−K1 . Upon entry into the pension plan, the value of the payoff is equal to V t0 . The contribution rate that is associated with a given payoff profile can be computed from the principle that, at the moment of entry into the pension plan, the sum of the discounted contribution payments must be equal to the price of the payoff. This is sufficient to guarantee that the replication strategy is self-financing. Given the assumption that participants contribute a constant fraction of labor income over the active period of the lifecycle, the contribution rate c is therefore solved from
By our assumption that prices (including the wage Y ) are given relative to an inflation-indexed numéraire, the discount rate equals the real riskless rate r.
Tradeoffs
By fixing the retirement age and the strike prices, the dimensionality of the saving and investment decision reduces to choosing three variables: contribution, desired income, and minimum required income. These parameters represent the embedded tradeoff between consumption during working life and consumption in retirement. Given the contribution rate that an individual can afford to save, she is in a position to select a feasible combination of desired income and minimum required income. Figure 4 shows a number of tradeoff curves, labeled by the corresponding contribution rates. These curves quantify the relation between contribution, desired income, and minimum required income. For the fixed parameters considered, the following statements can be made. • Given the contribution rate, a 1 percentage point increase of the minimum required income requires a 1 percentage point decrease of the desired income.
• For 1 percentage point additional contribution, the desired income, the minimum required income, or a combination of both may be increased by 7.4 percentage points on aggregate.
Note that the slope of the tradeoff curve depends on the strike prices. Ceteris paribus, the slope is decreasing in K 2 and increasing in K 1 . For example, if the probability of achieving the desired income increases, i.e. the upper strike K 2 decreases, the slope of the tradeoff curve flattens.
In addition to the three attributes that are represented Figure 4 , a decision maker may want to consider other attributes as well. For instance, an individual may want to think about the possibility of retiring earlier or later than the age of 65 that has been supposed above, or she may wish a different probability of realizing the target. Under such alternatives, similar tradeoff curves as shown in Figure   4 can be constructed. Retiring early makes a given combination of desired and minimum required income more expensive because the investment period shortens, total contributions decrease, and the remaining life expectancy at retirement increases. Hence, the tradeoff curves shift in the direction of the origin. Increasing the probability of achieving the desired income also requires more contribution for a given combination of desired and minimum required income. When the contribution rate is kept unchanged, the tradeoff curve rotates around the point that corresponds to the riskless portfolio. The tradeoff curve flattens, and therefore increasing the desired income becomes more expensive in terms of the minimum required income. Figure 5 compares the tradeoff curve for the collar strategy proposed in this paper to the tradeoff curve for the lifecycle strategies. The contribution rate has been set to 17.5%. It is seen that, given a minimum required level of income replacement, the collar strategies provide a larger desired income than the lifecycle strategies do. The collar strategy is capable of yielding levels of desired income that are unattainable by implementing a lifecycle strategy. In order to achieve similar desired income levels for the class of lifecycle strategies, an agent would have to pay considerably more contribution.
Relative to the collar strategy, households would therefore save too much and face the regret of forgone consumption opportunities during the many years before retirement.
. . . . 
Conclusion
In a large part of the literature on behavioral economics, attention is focused on individuals who make "mistakes" due to "behavioral biases", and who therefore must be "nudged" towards decisions which the nudge designer knows are better. While the need for studies of this type is undeniable, there are also many situations in which individuals who are intelligent, responsible, and well-informed still have difficulties in reaching a good decision. The aim of this paper has been to contribute to what might be called the architecture of informed choice, with focus in particular on the lifecycle investment decision.
In the academic literature on lifecyle investment, the predominant approach has been to construct first a decision model that arrives at a single criterion by which alternative strategies can be ranked, and then to optimize this criterion under certain assumptions concerning the economic environment.
Characteristics that differ between individuals, such as attitude towards risk, can be expressed by choosing different parameters in the decision model. The degree of acceptance of this approach in practice has been limited; decision makers do not find it easy to express their preferences in terms of the parameters of the typical decision models that are used. In this paper, an alternative approach has been suggested, based on less-than-complete aggregation of preferences. The approach calls for identification of a limited set of key attributes and for the construction of tradeoff diagrams between these attributes, such as shown in Fig. 4 (right panel).
The proposed decision process is based on the selection of a set of key attributes, as well as on the selection of a class of strategies. Both choices involve a certain amount of nudging, used here to provide support to knowledgeable decisionmakers rather than to correct behavioral biases. Given the size of the attribute space that in principle can be taken into account and the limited information processing capabilities of even the most well trained humans, it seems inevitable that the freedom of choice should be limited. The main issue is whether the imposed limitations do not eliminate any opportunities that are considerably more attractive than the ones that are still left open.
As shown in the example discussed in this paper, it may happen that one class of strategies uniformly dominates another class with respect to a chosen set of key attributes. Uniform dominance induces a partial preference relation between classes of strategies. Candidate classes of strategies can be chosen on an ad hoc basis, as in the example in this paper. Alternatively, they may be obtained by optimization with respect to a parametrized decision model, such as expected utility with a parametrized class of utility functions; different choices of parameters lead to different strategies.
One might also think of devising optimal classes of strategies that are in a sense optimal, by optimizing with respect to weighted linear combinations of the key attributes. One reason not to follow the latter approach may be that the resulting optimization problems are difficult to solve. Another reason could be that such an approach ignores attributes that are not listed among the key attributes, but that may still not be completely negligible, or attributes that are in fact important, but that are difficult to quantify. Focusing exclusively on the designated key attributes may lead to solutions that may be optimal (in a restricted sense) but are actually undesirable. The constraint imposed by a restricted class of strategies may serve to protect other attributes than the ones that appear in the tradeoff diagram, and may therefore constitute a form of nudging as already alluded to above. The task of the financial engineer in this context could be stated as the design of classes of strategies that provide good tradeoffs between key attributes and that are sensible from the point of view of protection of secondary attributes and attributes that are hard to quantify.
Obviously, the economic model used in this paper is meant for illustrative purposes only. For the purpose of actual decision making on lifecycle investment strategies, more elaborate ALM models are needed, which take into account for instance the variability of interest rates and the uncertain evolution of mortality tables. A more complete list of attributes to be considered should be used.
Further work on the architecture of informed choice might be supported by laboratory experiments and the practical experience of advisors.
The analysis in this paper has mainly focused on the case of individual lifecycle planning, although it has been noted that collective funds can be used to alleviate credit constraints. The board of trustees of a collective fund could follow a similar path to decisions as has been suggested above for individuals, by identifying key attributes of possible strategies and considering the tradeoffs between them. In a more elaborate approach, the board might place itself in the position of various groups of participants (for instance, different ages) and work out an investment policy for these groups, finally arriving at its own investment policy by summation of the investment decisions that the board assumes would be taken by the participants themselves. This also means that the investment returns would be allocated accordingly. A third possibility is that the board decides on a choice palette that will be offered to plan members, for instance in the form of a tradeoff diagram, from which participants can choose; subsequently, the board may decide on its investment policy based on the choices of the plan members.
The options that are open here call for further investigation.
Another possible avenue of future research relates to the use of multiple objectives in dynamic optimization. The classical approach to lifecycle investment, as in the work of Merton (1969 Merton ( , 1971 ) and in many other papers, makes use of dynamic programming. The central object in this approach is the value function, which is a single-valued function that is designed to aggregate all of the decision maker's objectives. Aggregation takes place with respect to objectives as well as with respect to uncertainty. This is not compatible with lines of thinking in which different objectives relate to uncertainty in different ways. Mean-variance analysis is a classical example of such a line of thinking, and indeed it is well known that it is not straightforward to merge MV analysis with dynamic programming.
However, a combination has been proposed by Basak and Chabakauri (2010) , on the basis of a backward recursion as in standard dynamic programming, but using two quantities in the recursion, rather than one. In this way, a multiple-objective element is retained in a dynamic programming environment, ensuring time consistency. It would be of interest to see whether this idea can be extended for instance to objectives expressed in terms of quantiles, as in this paper.
